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“Physics” of ML/AI

Math

« Fully rigorous theorems!

- Too idealistic assumptions

- Toosimple models (e.g., 2-layer transformer)
- Hard to connect to practice

« Progress very slow
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“Physics” of ML/AI

Math

« Fully rigorous theorems!

- Too idealistic assumptions

« Too simple models (e.g., 1-layer transformer)
- Hard to connect to practice

« Progress very slow
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“Ethology”

Can study large models
(GPT 6, Llama 4, ...)

Can be very educational
(CoT, ToT, Mok, ...)

Less rigorous, too subjective

Sometimes lead to false claims



“Physics” of ML/AI

Math

Newton's laws
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Kepler's laws of
planetary motion

Tycho's observatory data

“Ethology”

Geocentrism (BC 400~200)




“Physics” of ML/AI

Physics of Language Models
S ! " ‘ decompose “intelligence” into building blocks
(structures, knowledge, reasoning, etc.)
1

study in a controlled, idealized environment
(control the data, tweak the params)

Physics of Language Models Zeyuan
(usoe 100M-size models, derive universal laws) Al |e n_Zh u

N
il

(https://physics.allen-zhu.com/)

ICML 20
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“Physics” of ML/AI

- Our world is super complicated

- Theoretical physicists are very good at working on toy models to understand the world

Example: the Ising model

Hy(S) = —]zsisj _ hZSi,

{,J3 L

- Can demonstrate phase transitions (e.g., water freezing into ice, a metal losing its magnetism when

heated, etc.)
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November 3, 2026 0

Temperature (°C) —»

Se{-11}"

&) At
) AN
Opinion dynamics Financial markets
83 PR
8 [
g8 00 — [y —
-|+]-]+]-]+
Social segregation Tl=1+l-1+- Language dynamics
s 4 N ®[]2
Q # F 4
/ O

Epidemic-spreading
(COVID-19)

Game theory



“Physics” of ML/AI

Our world is super complicated

Theoretical physicists are very good at working on toy models to understand the world

Solution

Personal thought: “CODE IS CHEAP.

SHOW ME THE TALK?
Model

In the AGl-era,

solving a model is much cheaper,

identifying a useful model (=problem) is more valuable
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ML for Physics

-« Physicists have done “machine learning” (inference) over centuries

Linear regression,
Newton’s method,
etc.

New data

The Ptolemaic epicycle model

(Overfitting)

November 3, 2026 7

Newton's law of universal
gravitation



ML for Physics

[HE NOBEL PRIZE
IN PHYSICS 2024

Boltzmann

Hopfield machine

network

payauwi|3 SepiIN :suoyelsn]||

John J. Hopfield Geoffrey E. Hinton

“for foundational discoveries and inventions
that enable machine learning
with artificial neural networks”

THE ROYAL SWEDISH ACADEMY OF SCIENCES
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ML for Physics

Quantum
Mechanics

& KN
é\“ Out—of Dlsirlbutlon
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mme ry
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Foundation &
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Models

Interpretability Uncertainty-
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PDE Configuration v = (g, B, yp)

Initial Condition uy

Boundary Condition 55

| IE——— |

|

PDE Parameters vp

*k

pflxl(]? ,nflxll)*

Naviers-Stokes loss

r 1 ] ’

v ~ A A
TR TR R RiR A

Experimental data loss

iV -V, £=0

Forward Problem

Given v, solve for u:
minl|gy (u(, ;7)) — ulz, :9)]

Inverse Problem
Given u, solve for ¥:
minlju(z, ;) — w(z. t: )|l

Inverse Design

Given u, optimize 7:

min J (u(w, ;)




Physics & Inference

D

é )

X "l Noisy channel Y

. J

Observing Y, how can you infer X ?

Teacher-student model for neural network learning: X is the weight of a neural network Fy. Giving
data {(x;, y;) : x; ~ N(0,14),y; = Fx(x;)}, can you learn the neural network weight X?

Image denoising: X is an image from a distribution D, Y is the image with added noise to pixels. Can
you recover the original image?
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Physics & Inference

The most widely used inference method is the Bayes rule:

Pr
Pr

Pr|

~ < X

le

=

_ PrlY = y|X = x] Pr[X = x]
N Pr|Y = y]

Pr[X = x|Y = y]

: our prior on X
X = x]: likelihood of the noisy channel

: normalization constant (or called partition function in physics)

Z =PrlY =y] = fPr[Y = y|X = x] Pr[X = x] dx

Boltzmann energy distribution:
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1
PriX =x|Y = y] = Ee—g(@

E(x) = —log(Pr[Y = y|X = x] Pr[X = x])
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Undirected Graphical Models

Let {wij}(ij)EF be the compatibility function {—1,1}? - R, that dictate interactions between particles

F is a family of edges

The Gibbs measure u is a distribution over {—1,1}" given by

E(x) =— Z log (lljij(xi»xj))'

(ij)EF
1 1
ulx) = Ee—g(x) = 1_[ (%, %7)
(ij)€F
Z = e~
xe{—1,1}"

x € {—1,1}" is a configuration of spins
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Undirected Graphical Models

Ising models

Yi; (xi;xj) = exp(ﬁxiAijxj) for some matrix A such that A;; = 0 Vi € [n] and 4 is symmetric

u(x) < exp <+ g xTAx)

f is the inverse temperature

A is the Hamiltonian or the interaction matrix of the system

E(x) = — %xTAx is the energy of the system

When B — 0 (high-temperature limit), u —» Unif({—1,1}")

When 8 — oo (low-temperature limit), u — Unif(arg min £(x))

A defines a weighted graph G
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Undirected Graphical Models

B
. exp(zzxmx), 7= Y e (§ xTAx)

xe{—1,1}"

Suppose A is the adjacent matrix of a 2D lattice (unit weight)

E(x) = —ngAx = —gz(u)eF X;Xj

E(x) is minimized when x; = x, = -+ = x,, = *1
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Undirected Graphical Models

Markov property

For S € [n] such that [n]\S decomposes into disjoint pieces in G, then conditioned on any assignment to
the spins in S, the marginal distributions on the pieces are independent

S

For Ising models, forany i € [n], let S = 9, (the neighbors of i in G)

Pr:xi = a|xai = s] X exp (—,Ba Z Al-jsj>

JEO;
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Undirected Graphical Models

Markov property

For S € [n] such that [n]\S decomposes into disjoint pieces in G, then conditioned on any assignment to
the spins in S, the marginal distributions on the pieces are independent

1 Global Markov property: the above condition holds for any S € [n]

0 Local Markov property: the above condition holds for S = 9; Vi € [n]

1 Pairwise Markov property: the above condition holds for S = [n]\{i, j} for any non-adjacent i, j € [n]
Global Markov = Local Markov = Pairwise Markov

Hammersley—Clifford theorem: if u(x) > 0 forany x € {—1,1}" (i.e., a Gibbs distribution),
then Pairwise Markov = Global Markov
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Fundamental Algorithmic Problems in Inference

1. Draw samples from the Gibbs distribution u
2. Compute the partition function Z

Jerrum, Valiant, and Vazirani ’86: the equivalence of sampling and counting

Computing the partition function exactly is very hard: for I/Jl-j(xl-,xj) = 1(xi,xj)¢(1,1)' computing

Z is counting the number of independent sets of the interaction graph, which is a #P-complete
problem

Our goal is to estimate Z approximately. Some approaches:

1 Markov chain Monte Carlo (MCMC)
1 Variational inference (V1)

1 Diffusion models

November 3, 2026 18



Variational Inference

Approximate u by distributions from some family P of “simpler” distributions that are easy to sample from
(e.g., product distributions a.k.a. naive mean-field):

>
min KL(v||x) = 0

If P = {all distributions}, then the minimizer is v = u (Gibbs’ inequality) All distributions

P

Issue: the KL optimizer is hard to evaluate

KL(V“.H) = x~V [lOg E,‘X; IEx~v [l 0g _SE:;)/Z]

= Ey-y[logv(x)] + x~v[8(x)] +logZ

—H(v) Averaged energy

Define the Gibbs free energy G[v] := —H(v) + E,.,[E(x)] —1x “evidence lower bound” (ELBO)

To minimize the KL divergence, it suffices to minimize the free energy G|[v]
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Detour: Evidence Lower Bound

Glal = —H(q@) + Ex[E®)],  €(x) = —logPr|[X =xY = y]|
KL(g(X)||PrlX|Y = y]) = E,,[log q(x)] — E,,[log Pr[X = x,Y = y]] + log Pr[Y = y]
logPr[Y = y] = E,_,[logPr[X = x,V = y]| — E,_,[log q(x)] + KL(q(X)||Pr[X|Y = y])

logPr[X = x,Y = y]
log q(x)

ELBO(q) = E, 4[logPr[X = x,Y = y]] — E, ,[logq(x)] = E,,

ELBO(q) is a lower bound for the log-evidence log Pr[Y]

Frequently used in ML practice (e.g., variational autoencoder, diffusion models, EM algorithmes, ...)
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Variational Inference

Glv] = —-HW) + E,,[E(x)]

Consider the Ising model:

2 regularization

Glv] = —E,.-, [g xTAx] — H(W)

When [ is large, minimization prioritizes minimizing the averaged energy
When [ is small, minimization prioritizes maximizing the entropy
For a fixed v € P, G|v] is easy to evaluate. But it is hard to optimize a priori

We will introduce a general approach: the belief propagation (BP), to minimize G|[v]
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Belief Propagation

Belief propagation (BP) is a powerful, general heuristic to solve min G[v]
%

When the interaction graph is a tree, BP is exact

Two interpretations of BP:
1. Dynamic programming on a tree

2. Nonconvex optimization for finding a stationary point of a relaxation of the Gibbs free energy (Bethe
free energy)

In the following discussions, we choose a canonical example: random independent sets

Let G = (V, E) be a graph (in particular, a tree)

The compatibility function is 1;;(x;x;) = L(x;x;)=(1,0) for every edge (i,j) EE

November 3, 2026 22



Belief Propagation

The Gibbs free energy on a tree only depends on 1- and 2-wise marginals of u

Lemma. If the interaction graph G = (V,E) is a tree, then for any distribution i on G,

ulx) = 1_[ Mij(xi»xj)nﬂi(xi)l_la“

Proof.

(i,j)EE

We prove by induction: |V| = 1 is trivially true

1%

For [V| > 1, let i be any leaf node of the tree connected by (i, j)

Pr [x = s]
xX~p

November 3, 2026

Pr
U

Pr
U
Pr
U

:xv\{i} = SV\{i}:

:xV\{i} = SV\{i}:

:xV\{i} = SV\{i}:

23

I;tr[xi = Si|xV\{i} = SV\{i}]

Pr[xl- = Si|Xj = Sj] (Markov property)

#ij(Si;Sj)/ﬂj(Sj)



Belief Propagation

Proof.

By the induction hypothesis,

P:Lr[x[n]\{i}zs[n]\{i}] = 1_[ Hice(Sie, Se) 1_[ i (i) 1Mo

(k,£)EE\(i,)) keV\{i}
Thus,
Prlx =sl= 1_[ Hice (S Se) 1_[ Uy (s10) 19kl (s s)
x~ . .
g (kL)EE\(L,)) kEV\{i} wi(sy)
= 1_[ Mke(Sk,Sf)l_[Hk(Sk)l_laVkl
(k£)EE kev
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Belief Propagation

The Gibbs free energy on a tree only depends on 1- and 2-wise marginals of u
Lemma. If the interaction graph G = (V, E) is a tree, then then for any distribution 1 on G,
p(x) = 1_[ .uij(xi:xj)l_[#i(xi)l_lail
(i,j)EE IEV
The Gibbs free energy is defined as
Glu] == —H(u) + E,.,[E(X)]

Ee €] = ) —E,, [logiy ()]
(i,j)EE

~H(W = Expllogu(d] = > By, floguy(x )] + ) (1 =19iD) - By, [log u(x)]

(i,j)EE iev
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Belief Propagation

The Gibbs free energy on a tree only depends on 1- and 2-wise marginals of u
Lemma. If the interaction graph G = (V, E) is a tree, then then for any distribution 1 on G,
u(x) = 1_[ .uij(xi»xj)l_[.ui(xi)l_lail
(i,j)EE IEV

Thus, we have

Hij\ Xi, Xj :
Glu] = z Ey,; lloglp;((xi’;j)) +z(1 — |09i]) - Ey [log p; (x;)]

(i,))EE iev
It suffices to compute the marginals y; and y;;
Remark: The marginal expectation {E“i[xi]}ie[n] is also the MMSE estimator:

arg min Ex y[1X = 2(V)II%] = Ey [Ex 11X - 20117
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Belief Propagation

Random Independent Sets

Let G = (V, E) be a graph (in particular, a tree)
- The compatibility function is tpij(xixj) = 1(xi,xj)¢(1,1) for every edge (i,j) € E
How to compute u;(x;) on a tree?
Dynamic programming!
1 We can take i to be the root

0 Let Zgi) := the number of independent sets in the (sub-)tree with
root i being labelled o € {—1,1}

> We have the DP recursion:

70 = 1_[ z9, 70 = l_[ (29 + 2

jeai jeoi
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Belief Propagation

Random Independent Sets

Let G = (V, E) be a graph (in particular, a tree)
- The compatibility function is tpij(xixj) = 1(xi,xj)¢(1,1) for every edge (i,j) € E
How to compute u;(x;) on a tree?
Dynamic programming!
1 We can take i to be the root

1 Let Zgi) := the number of independent sets in the (sub-)tree with
root i being labelled o € {—1,1}

> We have the DP recursion:
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Belief Propagation

1 We can take i to be the root

1 Let Zgi) := the number of independent sets in the (sub-)tree with
root i being labelled o € {—1,1}

» We have the DP recursion:

70 = 1_[ 79, 70 = 1_[ (Z@ + Zif))

JEII JEII
O The marginal is
(1)
Zy 0
Pr(x; = +1 70, /O X Z;
N =

Prlx; = —1] oc Z¥

This DP relies on a global top-down tree structure
BP takes a more local view (which makes it work for general graphs)
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Belief Propagation

We need to define several notations

Let V7™t denote the sub-tree by cutting the edge (i, j) and keeping the

part containing j

. Let m_"" denote the probability that x; = o in V/™"

a “message” that node j passes to node i

;= Pr[x =o]
Ky j—i
70 =| 120 = 1_[ Pr [x; = -] (29 +z{)
i . .”Vj—ﬂ
JEODI JEODI
oc Pr[xj =—] = | mi™
jedi Hyi=i jedi

November 3, 2026
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7V = 1_[ A ACE 1_[ (29 + 2z}

jedi jedi

Prix; = o] o ZV
ty




Belief Propagation

PI‘[XL' = O'] 04 l/Jkg(Sk,Sg)
U Z l l
se{+1}":s;=0 (k,£)EE

ﬂ(zpi,-(a,sj) [ Msk,sa)

se{+1}":s;=0 jEODi (k,£)eE] ™t
= 1_[ Z <I/Jij(0: 5;) l_[ llike(Sk»Se))
JEOis j (k,£)EETt

=1_[ z wij(aisj)< z 1_[ wkf(sk;5£)>

jedisje{+1} Vi=ivg) (k, {’)EEJ i

Pr(x; = o]
H L 1
jEOI se{+1}
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Belief Propagation

We need to define several notations

Let V' denote the sub-tree by cutting the edge (i, j) and keeping the
part containing j and connecting (i, j)

—Jj—l

Let ma " denote the probability that x; = o in V

m. 7= Pr [x; = o]
H_j—i
Vv
ﬁé-_)l X Z lpij(O', S)mé_)l
se{+1}

Pr[xi = O'] X 1_[ z l/)l'j(O', S)mél_)i
jEOIi sef{+1}
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Belief Propagation

We need to define several notations

. LetV’ ' denote the sub-tree by cutting the edge (i, j) and keeping the part
containing j and connecting (i, j)

—j—i

Let mJ ' denote the probabilitythat x; = o inV
ml, " o Z Yi; (o, s)m)~"
se{£1}

Given {mj_)i :j € 0i,0 € {il}}, how to compute mi~* for some k € 0i?

o
i~k _ _ hd!
meg uP_rk[xl- = O'] X Z lpij(O', S)ms
ve J€O,inki SETEL)
—j—oi
o my
JEDIN{K)
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Belief Propagation

mike || w7 m e Y gy, sml”
jeai({k} se{+1}
—J ol ik —k-l
Pr[xl = 0] 1_[ <« ms - my
JEOIIL
BP algorithm:
« Initialize m =1/2forall (i,j) €EE

- lteratively update {m{, _J_) :(i,j) EE,0 € {+1}} in parallel
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Example: Belief Propagation on a circle

mik o« 1_[ 2 l/)l-j(O',S)mé._)i
jEDIN{K} s€Tt1)

mi=k o mit

. '_)i . .
mok «cm!”t + mit

If (m_{_)i,mf_'"i) = (p, 1 — p) before the update, then
1-p 1-p 1
1-p+1 2-p’ 2—p

mi~k =

We initialize the messages with p = 1/2 at the beginning

After one round of BP updates, p — ;:—Z

3 5 1
y - — — >---—>—2z0.382 V5+1 .

1
"3 13 @ ¢ = ——is the golden ratio
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Example: Belief Propagation on a circle

mik o« 1_[ 2 l/)l-j(O',S)mé._)i
jEDIN{K} s€Tt1)

mi=k o mit

. '_)i . .
mok «cm!”t + mit

If (m_{_)i,mf_'"i) = (p, 1 — p) before the update, then
1-p 1-p 1
1-p+1 2-p’ 2—p

mi~k =

We initialize the messages with p = 1/2 at the beginning

After one round of BP updates, p — ;:—Z

3 5 1
y - — — >---—>—2z0.382 V5+1 .

1
"3 13 @ ¢ = ——is the golden ratio
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Belief Propagation

The messages can also compute 2-wise marginals
Forany (i,j) € E,let (i, j) = (9i U d)\{i, j}
For k € (i, j), let i(k) denote the node such that (k, i(k)) eEE

o) =@l wglaa) 3 ] wawn)( T T wtous)

Sy j~i'5j=0j (k)EEI SyiojiSi=0i (k,£)EE]

joi o)
o< ¥y (03, o5 )my " me,

November 3, 2026 37



Belief Propagation

Theorem (BP is exact on trees). If G is a tree, belief propagation exactly recovers the marginals of
the Gibbs measure

If G is a general graph, BP is very hard to analyze rigorously

BP can work when the graph “locally” looks like a tree

Suppose G is a random graph where every edge is included with probability ¢/n for c = 0(1)
For any vertex v, it has = ¢ descendants; and = ¢ descendants of distance < d

Since each descendant is a uniformly random vertex, the probability that there is no path from v to itself

of length < d is
d

1 (8
<1 —£> = e‘cd/” —»1 when c¢?% < n, i.e. d < logn
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Belief Propagation

Two interpretations of BP:
1.  Dynamic programming on a tree

2. Nonconvex optimization for finding a stationary point of a relaxation of the Gibbs free energy (Bethe
free energy)

Bethe free energy

Recall that

H(pw) = - z Euij[log.uij(xi;xj)] + Z(|5i| — 1) - Ey, [log u; (x;)]

(i,j)EE i€V
= z H(pij) — Z(|ai| —1) - H(yy)
(i,j)EE IEV
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Belief Propagation

Bethe free energy

Gelvl == ) H(viy) + ) (101l = 1) - Hv) + By, [E(0)]

(i,j)EE IEV

v is given by the marginal data {vi, vl-j} that is guaranteed to satisfy “local consistency”:

z Vij(xi,xj) = Vi(xi), Vi € V, (l,]) (S E,xi (S {il}
xje{t1}
“degree-2 Sherali-Adams constraints”
v is called a pseudo-distribution

On a tree,

Bethe free energy = Gibbs free energy
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Belief Propagation

BP fixed-point

November 3, 2026
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Belief Propagation

BP solution:
v;(0) « m ~J mi}*i, Vi (al,a]) o 1/Jlj(al,aj)m]_.)lml_>]
Lemma. Fixed points of BP satisfy local consistency.
Proof.
For any g; € {1},
vii(0y,0/) ml J. z gbl](al,aj)m] '« ml Il & vi(oy)

O'jE{il} O'jE{il}

If we sum over o; € {£+1}, LHS = RHS = 1. So “«” is actually “="
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Belief Propagation

We define more notations:

Z; = Z mg
oe{+1} jeai

— joi, i
Zij = z Vi (01, 0p)mg ] mg,
oj,0j€{+1}
— (=)  —]j—l
Zi;j " Z mgs = Mg
oe{t1}

Lemma. Bethe free energy can be expressed as

Gplv] =

November 3, 2026

— z logZ; —
ie[n]
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z logZ;; + Z logZ;,;

(i,j)EE i€[n],jeai



Belief Propagation

Lemma. Bethe free energy can be expressed as

= — z logZ; — z logZ;; + z logZ;.;
i€[n]

(i,j)EE i€[n],jedi
Proof.
Gylv] = + > (10l = 1) - Hw)
i€V
_ z H(vl]) + ]Ev[g(x)] - = z ]Evij loglplj(( l ])) - Z [EVij [lOg j—>il] l—>]]
(i eE (ieE Vi\Xi %) (DeE Mxj My
z logZ;; + z logm] l] +Ey; [logml ]])
(i,j)EE (i,j)EE
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Belief Propagation

Lemma. Bethe free energy can be expressed as

GB[V]=—ZIOgZi— z log Z;; + z log Zy;5
i€[n]

(i,j)EE i€[n],jedi
Proof.
Gplv] = — 2 H(v;;) + 2(|ai| ) - + Ex oy [E(X)]
(i,j)EE iev

z H(v,) Z E [1 ! Z E, |1 Zi
T Vi) = — Vi 0g (. - = Vi 0g —j—>i]

ieln) ieln) vi(x) ieln] [1jcai mx,

= — Z logZ; + z E,, ’logﬁf:i]
i€[n] i€[n],jeai
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Belief Propagation

Lemma. Bethe free energy can be expressed as

= — z logZ; — z logZ;; + z logZ;.;
i€[n]

(i,j)EE i€[n],jedi

Proof.

Gylv] = — 2 H(v;;) + 2 — 1) HW) + Eyy [E(0)]
(i,j)EE i€[n]

Z z H(v;) = E,. |log IEV. log— .Zi;j —

. . . . . . ' Vl(xl) l ml_>] . m]_)l

i€[n] jeoai i€[n] jeai 1661 X Xi

i€[n] jeai i€[n] jeai
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Belief Propagation

Lemma. Bethe free energy can be expressed as

Gglv] = — z logZ; —
i€[n]

Proof.

i€[n] jeai

This lemma and its proof hold for any graph
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Belief Propagation

Theorem. For any graph G = (V/, E), there is a 1—1 correspondence between

Fixed points of BP < stationary points of Gg

Proof.
Gplv] = — z logZ; — z logZ;; + z log Z;.;
i€[n] (i,j)EE i€[n],jeai
z 1_[_]_)1, Zij = z l/)l](O'l,O'])m].lml_)] Zi;j = 2 mf;)]-ﬁf,_)l
oe{+1} jeai O'l',O'jE{il} oe{+1}
dGg[v I G L mi . B}
o0l D Voloea)oy ST e S (o odmt
Img, (i,))EE Y iefn] ~ " o jel+1}
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Belief Propagation

Theorem. For any graph G = (V/, E), there is a 1—1 correspondence between

Fixed points of BP < stationary points of Gg

Gplv] = — z logZ; — z logZ;; + z log Z;.;

Proof.

i€[n] (i,j)EE i€[n],jeai
z 1_[_]_)1, Zij = z l/)l](O'l,O'])m] . lml_)] Zi;j = 2 ml:j -ﬁé_)i
oe{+1} jeai O'l',O'jE{il} oe{+1}
dGg[v] Micongy Mo mi .
_.3]_)1 _ z l\{J} z —0 o ml J - 1_[ mg—n
om i€e[n] i€[n] kedi\{j}
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Application: Z, Synchronization

D
é )
X "l Noisy channel Y
. J
_ n T
{-1,1} (WO i JA/nXXT+w
y N(0,2) otherwise

Observing Y, how can you infer X ?
Goal: GivenY, estimate E[X|Y]

By the symmetry between X and —X, E[X|Y] = 0. We can break the symmetry by forcinge.g., X; = 1
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Application: Z, Synchronization

D

X

{(—1,1}"

.

Noisy channel

~\

J

Goal: GivenY, find a denoiser X(Y) that minimizes

Baseline: MSE(0) =1

November 3, 2026
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W, N(0,1) ifi+#]
y N(0,2) otherwise

Observing Y, how can you infer X ?

- 1 5N O
MSE(R) = — Exy [ X0 ST — xx7])

Y

JA/nXXT + W



Application: Z, Synchronization

N(0,1) ifi+j
. T L. o~ ’
Y=A/nXX" +W, Wi {N(O,Z) otherwise

Spectral method
Compute the top eigenvector v of Y and hope that v is strongly correlated with X
Letu = X/nso||lull =1,andlet A :=Y/vn =ViuuT + W/ \/n
If there is no noise, then A is rank-1 with the only eigenvalue V2 and eigenvector u « X

How much can this eigenvector survive after adding W /\/n

November 3, 2026 52



Application: Z, Synchronization

N(0,1) ifi#j
N(0,2) otherwise

Y =JA/nXXT+W, Wi-~{
Spectral method
Compute the top eigenvector v of Y and hope that v is strongly correlated with X
Letu = X/nso||lull =1,andlet A :=Y/vn =ViuuT + W/ \/n
Theorem (Baik-Ben Arous-Péché (BBP) transition).

The top eigenvalue and the top eigenvector of A satisfy

A | D2 A= 2P
D2V 1VT 62> Aae ) %{1—1“ it > Aspe

asn — o
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Application: Z, Synchronization

Histograms of eigenvalues of A = VaiuuT + W /+/n with different A

mmm Eigenvalue density = Semicircle law —¥  Observed largest eigenvalue <> Large-n predicted location
A=0 Noise only A=0.5 Below threshold A=1
. ’
Wigner’s o S
v v
semi-circle os- ! 1 ;
|Largest: 1.988  Largest: 1.988
law . | Limit: 2.000 © Limit: 2.000
G 0.2- i J i
& ! !
! !
e l. l.
i | 4 |
0.1 ,: i
0.0 - T T
=2 -1 0 1 2 3 =2 -1 0 1 2 3 =2
A=2 Above threshold A=4 Above threshold A=9
< R o
v
H - -
Largest: 2.095 \ Largest: 2.459
Limit: 2.121 Limit: 2.500
o i 4 o
g 1l \ I
dl A
e T S
o 4 : 1
a S
U 1
] 1
k : i :
3 -2 -1 0 1 2 3
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At threshold

_‘40‘

Largest: 1.990
Limit: 2.000

Above threshold

'Largest: 3.2'83
Limit: 3.333

——— = - - -

w



Application: Z, Synchronization

Stronger baseline, but
does not incorporate
Spectral method the prior on X

Theorem (Baik-Ben Arous-Péché (BBP) transition).
The top eigenvalue and the top eigenvector of A satisfy

A | ’ 2 - — /'\BBP
D2V 1T > A o 6{1—1//1 it > Asge

asn — o

We can take X(Y) := +/nav for some @ > 0 to be determined
1, . ~
") 1X(NXW)T - XXT”IZ: = lavv" —uu'||z = 1 + a? — 2a|{u, v)|?

IfA>1,wecantake @ := 1 — 1/4, so that MSE(X) -1-(1-1/1)*<1

If A < 1, the best choice is to take a := 0
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Application: Z, Synchronization

N(0,1) ifi+#j

Y = JA/nXX7 o~
A/n +W, Wi {]\f (0,2) otherwise
Suppose X is sampled uniformly from {—1,1}"

Compute the Gibbs measure of the posterior u(x) = Pr[X = x|Y]:
Pr[Y|X = x] Pr[X = x]
Pr[Y]

X exp 2 Y —JA/nxx’ i
(3l -imee])

1 VA A
= exp <_Z IY)|2 + —=xTYx — —n)

24/n 4
\/I T
X exp (ﬁ X Yx>

ulx) = x Pr[Y|X = x]

An Ising model!
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Application: Z, Synchronization

N(01) ifi#]
Y = /A/nXXT o~ '
A/n +W, Wi {]\f (0,2) otherwise
Suppose X is sampled uniformly from {—1,1}"
Compute the Gibbs measure of the posterior u(x) = Pr[X = x|Y]:

1

u(x) o exp <E xTAx>, A= A/nY

Compatibility function: wij(xi,xj) = exp(Aijx,;xj) foranyi <j

Belief propagation update rule:

mik [t + 1] « 1_[ z ¥ (o, S)mg_”'[t] = 1_[ z exp(Aijas) mg_)i[t]

jedi\{k} se{+1} j#k se{+1}
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Application: Z, Synchronization

mik[t + 1] 1_[ z eXp(AijO'S) mg_”'[t]

j#k se{+1}

We can use the messages to express the marginal expectations:

Y ke d

X, = m] l[t] — mi~¢]

A]—>L

1+s
2

mé—)l[t]

A]—>L

N expl4;jo) + exp| —A4;;o0
z exp(AUJs)m] l It] = p( 2 ) > p( 2] ) (exp(Aija)—exp(—Aija))

sE{£1}
exp(A a)+exp( A, 0) i
Y 5 J (1+tanh(AUa) J l)

« 1+ tanh(4;;0)%/”" = 1 + o tanh(4;;)2/™
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Application: Z, Synchronization

mik [t + 1] 1_[(1 + o tanh(4;,)%/™")

Jj*k

frrr =mik[e+ 1] - mE e + 1]
(1 + tanh(4;,)%/™") - [T, (1 - tanh(4;,)%/™")
thk(l -+ tanh(AU)A]_”) + H]ik(l tanh(AU)A]_”)
[1;1(1 + tanh(4;;)%/™") — 1,2 (1 — tanh(4;;)2]™)
exp(zjik tanh(Aij)xt )+ exp(—zjik tanh(Aij)xg_)i)

A/ny - (A/n)XXT + /1/7?, W, so that AU = 0(1/\/%) and tanh(Aij) =~ Al]
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Application:

November 3, 2026

Z., Synchronization

mik [t + 1] 1_[(1 + o tanh(4;,)%/™")

Jj*k

2irt = mi7F[e + 1] = mE*[t + 1]
]ik(1+tanh(AU)A]_”) [1,..(1 — tanh(4;,)%™")
exp(zjiktanh(/lij)x )+exp( Zjiktanh(AU)A]_”)
]ik(1+tanh(AU)A]_”) [1,..(1 — tanh(4;;)%/™")
eXp(Z]ikAuAg l)+eXp( 2jer AijX z{_)l)

~ tanh (Z A AJ_”)

j*k
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Application: Z, Synchronization

£i2K ~ tanh <2 A “Hl) = tanh (\/—z 7 Y; ;%] “Hl)

JE¢ JE\

lek
Xt+1

Rk = tanh(\/ixéjf

x,ﬁ;’f._ZTYU"J_” ZT tanh(\/_x )’

J*k Jj*k —
ft(xz,{_n)

Approximate Message Passing:

x,f_:f = 2 zjft(xii_)i)

]qtk
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Approximate Message Passing

: 1 i : :
M= ) =AGTY, AR = ()

j£k
- Intuitively, x{l_’k is a score of evidence about X; collected from the neighbors of i except k

~Al-ok

X$~" is a soft estimate of X; € {—1,1}

. Tt .
evidence score — soft estimate

0(n?) messages in total. Can we reduce the number of messages we need to track?

Attempt 1: All of the message out of a given vertex i are close to each other, so we could try just tracking n
message

. . 1 : 1
Mean-field X(p1 = Z _Yijft(xg): Xer1 ==Y fi(x)
approximation: i) Vn Jn
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Detour: Mean-Field Approximation

1
u(x) «< exp (E xTAx>

Fix any i € [n]. The terms in the exponent involving x; is Local field on i

Xi ZAUXJ = hl-xl-, hi = ZAUX]

JE! J#*l

e hixi

PF[Xi = xilx—i» Y] ) [E[Xilx—i» Y] = tanh(hi)

ehi + e~hi

In the mean-field approximation, we replace x; by the estimated mean m; in the local field:

m; = tanh(h;) = tanh (Z Aijmj>

JE
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Detour: Mean-Field Approximation

1
u(x) «< exp (E xTAx>

Another way to understand the mean-field approximation is via variational inference:
1+ m;Xx;
2

u(x) > Vipean(x) = 1_[ vi(x), vi(x;) =
1€[n]

We choose m; by minimizing KL(Vyeanl|i):

KL(Vpeanlltt) = 2 H(v;) — zAUm m; +logZ

i€[n] i<j

KL(Vmeanllt) = arctan(m;) — zAl]m] =0

]-'/-'l

= tanh (2 Al]m]>

j#i

am;
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Approximate Message Passing

xl%-l_-){( T z\/— l]ft( ]_)l) 551%“:{( T ft+1(xt€:{c

Jj*k

0(n?) messages in total. Can we reduce the number of messages we need to track?

Attempt 2: All the messages out of a given vertex i are close to each other, but these fluctuations are
amplified non-trivially after BP iterations, leading to a crucial correction to the mean-field approximation.

xé:{( _z\/— l]ft( ]_)l) = z \/— l]ft( ]_)l) \/— kat(xk_)l)

Jj*k j€ln]

| J
Y | Y J

xti+1 LE:{{ = 0(1//n)

o090
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Approximate Message Passing

, _ 1 . _
k k — E j=i k . k
x§:1 _xt+1 8¢t Xiyq = N ijft(xt )» 8¢t '—\/— lkft(x _n)
j€ln]

xé:{‘ = xt+1 + 0(1/+/n)

Sivt = <=k (£ 0LV i) = tanh(VAx) s

_1
n
L 1 . i

xt+1 = Z Jn l]ft(xt ] )_ z ﬁyij(ft(xg)_ft(xt])5tj )iO(l/\/ﬁ)

j€[n] j€ln]

Yife(xF) £ 0(1/n)
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Approximate Message Passing

STk = T Yiefo(xF) + 0(1/n)

_ 1 . N i
Xty = z ﬁnj(ft(xz) — ()8 £ 001 /)

Z feed) = fra (i 1)2 v2fi(x)) £ 001 /)

]En |

~ - z ft(xg) =: by

]E[n

. 1 : .
Xeyq = —Yz-ft(xi) - ft—1(xé—1)bt» Xt+1 = _th(xt) — fe—1(x¢—1) by
2 7
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Approximate Message Passing

mean-field Onsager correction
| 1 : ! [ l 1
Xt+1 = ﬁyft(xt) — ft-1(x¢—1)b;

1 .
by = g 2 ft'(xi)
JE[n]

Xtp1 = ft+1(xt+1)

State evolution: as n — oo, the behavior of the iterates of AMP is precisely captured by a certain
distributional recursion
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Approximate Message Passing

State evolution: as n — oo, the behavior of the iterates of AMP is precisely captured by a certain
distributional recursion

Consider a very simplified setting:
x; ~ N (ueX,01)
Gaussian is not important here; we focus on tracking the means and variances

We ignore the Onsager correction term, and assume that Y is resampled in each iteration

drop lower-order
terms

1 (VA .
xt+1=ﬁ<ﬁXX +W>ft(xt)

3 N(ﬁ Ak 1)

(X, fiGe)X,
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Approximate Message Passing

1 (VA .
xt+1=ﬁ<ﬁXX +W)ft(xt)

N N(ﬁ ||ft<it>||2 1)

(X, fi )X,

A 1 —
%(X,ft(xt» = \/zT_lZXift('utXi 4 Utgi) , g; ~ N(O,l)
x ~{t1}, gi ~ N(0,1)

)
J

~ AE[xf (uex + 01.9)]

He+1

£ Cee) I

n

1
= £th(litXi + 0.9;)° z‘[E[ft(;utx +0:90)°], x ~{£1},9; ~ V(0,1)

. J
=1

2
Ot11
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Approximate Message Passing

State evolution recursion:
Xt ~ N(MtX, O-tzl)

He+1 = ﬁE[xft(utx + 0.1, Utz+1 = E[f;(uex + 0:.9:)°]
to = VAE[xfo(x@)],  of = E|f(x®)]

where x(® is the random variable whose law is the limit of the empirical distribution of x, as n — oo

The Onsager term makes this heuristic derivation rigorous!

Theorem (Bayati-Montanari’11). If the f;’s are Lipschitz, then for any “nice” test function 1 : R* - R and
any t,

1
lim —
n-on

> (X)) = Elpux + 0,g,0)]
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  Y
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  𝒟


  Y


    Pr ⁡   [  X = x |  Y = y ] =     Pr ⁡  [ Y = y | X = x ]   Pr ⁡  [ X = x ]    Pr ⁡  [ Y = y ]


    Pr ⁡  [ X = x ]


  X


    Pr ⁡  [ Y = y | X = x ]
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  𝛽 → ∞


  𝜇 → Unif  (    arg ⁡    min ⁡  ℰ  ( 𝒙 ) )


  A


  G


  𝜇  ( 𝒙 ) =     exp ⁡   (   𝛽 2  𝒙 ⊤ A 𝒙 ) Z ,         Z =  ∑  𝒙 ∈    {  − 1 , 1 } n    exp ⁡   (   𝛽 2  𝒙 ⊤ A 𝒙 )


  A


  ℰ  ( 𝒙 ) = −  𝛽 2  𝒙 ⊤ A 𝒙 = −  𝛽 2  ∑   (  i , j ) ∈ F   x i  x j


  ℰ  ( 𝒙 )


   x 1 =  x 2 = ⋯ =  x n = ± 1


  S ⊆  [ n ]


   [ n ] \ S


  G


  S


  i ∈  [ n ]


  S =  𝜕 i


  i


  G


    Pr ⁡   [   x i = 𝜎 |   𝒙   𝜕 i = 𝒔 ] ∝   exp ⁡   (  − 𝛽 𝜎  ∑  j ∈  𝜕 i   A  i j  s j )


  S


  S ⊆  [ n ]


   [ n ] \ S


  G


  S


  S ⊆  [ n ]


  S =  𝜕 i


  ∀ i ∈  [ n ]


  S =  [ n ] \ { i , j }


  i , j ∈  [ n ]


  ⟹


  ⟹


  𝜇  ( 𝒙 ) > 0


  𝒙 ∈    {  − 1 , 1 } n


  ⟹


  𝜇


  Z


   𝜓  i j  (   x i ,  x j ) =  𝟏   (   x i ,  x j ) ≠  (  1 , 1 )


  Z


  Z


  𝜇


  𝒫


      min  𝜈 ∈ 𝒫 ⁡  KL  (  𝜈  ‖ 𝜇 ) ≥ 0


  𝒫 =  {  all   distributions }


  𝜈 = 𝜇


  KL  (  𝜈  ‖ 𝜇 ) =  𝔼  𝒙 ∼ 𝜈  [    log ⁡    𝜈  ( 𝒙 )  𝜇  ( 𝒙 ) ] =  𝔼  𝒙 ∼ 𝜈  [    log ⁡    𝜈  ( 𝒙 )     e  − ℰ  ( 𝒙 ) / Z ] =  𝔼  𝒙 ∼ 𝜈  [    log ⁡  𝜈  ( 𝒙 ) ] +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ] +   log ⁡ Z


  G  [ 𝜈 ] ≔ − H  ( 𝜈 ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


  − 1 ×


  G  [ v ]


  − H  ( 𝜈 )


  𝒫


  G  [ q ] ≔ − H  ( q ) +  𝔼  𝒙 ∼ q  [  ℰ  ( 𝒙 ) ] ,     ℰ  ( 𝒙 ) = −   log ⁡    Pr ⁡   [   [  X = 𝒙 , Y = 𝒚 ] ]


  KL  (  q  ( X )  ‖    Pr ⁡   [ X |  Y = 𝒚 ] ) =  𝔼  𝒙 ∼ q  [    log ⁡  q  ( 𝒙 ) ] −  𝔼  𝒙 ∼ q  [    log ⁡    Pr ⁡   [  X = 𝒙 , Y = 𝒚 ] ] +   log ⁡    Pr ⁡   [  Y = 𝒚 ]


    log ⁡    Pr ⁡   [  Y = 𝒚 ] =  𝔼  𝒙 ∼ q  [    log ⁡    Pr ⁡   [  X = 𝒙 , Y = 𝒚 ] ] −  𝔼  𝒙 ∼ q  [    log ⁡  q  ( 𝒙 ) ] + KL  (  q  ( X )  ‖    Pr ⁡   [ X |  Y = y ] )


  ELBO  ( q ) ≔  𝔼  𝒙 ∼ q  [    log ⁡    Pr ⁡   [  X = 𝒙 , Y = 𝒚 ] ] −  𝔼  𝒙 ∼ q  [    log ⁡  q  ( 𝒙 ) ] =  𝔼  𝒙 ∼ q  [      log ⁡    Pr ⁡   [  X = 𝒙 , Y = 𝒚 ]    log ⁡  q  ( 𝒙 ) ]


  ELBO  ( q )


    log ⁡    Pr ⁡   [ Y ]


  G  [ 𝜈 ] ≔ − H  ( 𝜈 ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


  𝜇  ( 𝒙 ) ∝   exp ⁡   (   𝛽 2  𝒙 ⊤ A 𝒙 )


  G  [ v ] = −  𝔼  𝒙 ∼ 𝜈  [   𝛽 2  𝒙 ⊤ A 𝒙 ] − H ( 𝜈 )


  𝛽


  𝛽


  𝜈 ∈ 𝒫


  G  [ v ]


  G  [ v ]


      min 𝜈 ⁡  G  [ 𝜈 ]


  G =  (  V , E )


   𝜓  i j  (   x i  x j ) =  𝟏   (   x i ,  x j ) ≠  (  1 , 1 )


   (  i , j ) ∈ E


  1


  2


  𝜇


  G =  (  V , E )


  𝜇


  G


  𝜇  ( 𝒙 ) =  ∏   (  i , j ) ∈ E   𝜇  i j  (   x i ,  x j )  ∏  i ∈ V   𝜇 i    (   x i )  1 −  |  𝜕 i |


   | V | = 1


   | V | > 1


  i


   (  i , j )


      Pr  𝒙 ∼ 𝜇 ⁡   [  𝒙 = s ] =     Pr 𝜇 ⁡   [   𝒙  V \ { i } =  𝒔  V \ { i } ]     Pr 𝜇 ⁡   [   x i =  s i |   𝒙  V \ { i } =  𝒔  V \ { i } ]


  =     Pr 𝜇 ⁡   [   𝒙  V \ { i } =  𝒔  V \ { i } ]     Pr 𝜇 ⁡   [   x i =  s i |   x j =  s j ]


  =       Pr 𝜇 ⁡   [   𝒙  V \ { i } =  𝒔  V \ { i } ]  𝜇  i j  (   s i ,  s j ) /   𝜇 j  (   s j )


  j


  i


      Pr 𝜇 ⁡   [   𝒙   [ n ] \ { i } =  𝒔   [ n ] \ { i } ] =  ∏   (  k , ℓ ) ∈ E \ ( i , j )   𝜇  k ℓ  (   s k ,  s ℓ )  ∏  k ∈ V \ { i }   𝜇 k    (   s k )  1 −  |   𝜕  V \ { i } k |


      Pr  𝒙 ∼ 𝜇 ⁡   [  𝒙 = s ] =  ∏   (  k , ℓ ) ∈ E \ ( i , j )   𝜇  k ℓ  (   s k ,  s ℓ )  ∏  k ∈ V \ { i }   𝜇 k    (   s k )  1 −  |   𝜕  V \ { i } k | ⋅    𝜇  i j  (   s i ,  s j )   𝜇 j  (   s j )


  =  ∏   (  k , ℓ ) ∈ E   𝜇  k ℓ  (   s k ,  s ℓ )  ∏  k ∈ V   𝜇 k    (   s k )  1 −  |   𝜕 V k |


  ∎


  j


  i


  1


  2


  𝜇


  G =  (  V , E )


  𝜇


  G


  𝜇  ( 𝒙 ) =  ∏   (  i , j ) ∈ E   𝜇  i j  (   x i ,  x j )  ∏  i ∈ V   𝜇 i    (   x i )  1 −  |  𝜕 i |


  G  [ 𝜇 ] ≔ − H  ( 𝜇 ) +  𝔼  𝒙 ∼ 𝜇  [  ℰ  ( 𝒙 ) ]


   𝔼  𝒙 ∼ 𝜇  [  ℰ  ( 𝒙 ) ] =  ∑   (  i , j ) ∈ E  −  𝔼     𝜇  i j  [    log ⁡   𝜓  i j  (   x i ,  x j ) ]


  − H  ( 𝜇 ) =  𝔼  𝒙 ∼ 𝜇  [    log ⁡  𝜇  ( 𝒙 ) ] =  ∑   (  i , j ) ∈ E   𝔼   𝜇  i j  [    log ⁡   𝜇  i j  (   x i ,  x j ) ] +  ∑  i ∈ V   (  1 −  |  𝜕 i | ) ⋅  𝔼   𝜇 i  [    log ⁡   𝜇 i  (   x i ) ]


  1


  2


  𝜇


  G =  (  V , E )


  𝜇


  G


  𝜇  ( 𝒙 ) =  ∏   (  i , j ) ∈ E   𝜇  i j  (   x i ,  x j )  ∏  i ∈ V   𝜇 i    (   x i )  1 −  |  𝜕 i |


  G  [ 𝜇 ] =  ∑   (  i , j ) ∈ E   𝔼   𝜇  i j  [    log ⁡     𝜇  i j  (   x i ,  x j )   𝜓  i j  (   x i ,  x j ) ] +  ∑  i ∈ V   (  1 −  |  𝜕 i | ) ⋅  𝔼   𝜇 i  [    log ⁡   𝜇 i  (   x i ) ]


   𝜇 i


   𝜇  i j


     {   𝔼   𝜇 i  [   x i ] }  i ∈  [ n ]


    arg ⁡      min   x ^ ( ⋅ ) ⁡   𝔼  X , Y  [     ‖  X −  x ^  ( Y ) ‖ 2 ] =  𝔼 Y  [   𝔼  X | Y  [     ‖  X −  x ^  ( Y ) ‖ 2 ] ]


  G =  (  V , E )


   𝜓  i j  (   x i  x j ) =  𝟏   (   x i ,  x j ) ≠  (  1 , 1 )


   (  i , j ) ∈ E


   𝜇 i  (   x i )


  i


   Z 𝜎   ( i ) ≔


  i


  𝜎 ∈  {  − 1 , 1 }


   Z +   ( i ) =  ∏  j ∈ 𝜕 i   Z −   ( j ) ,          Z −   ( i ) =  ∏  j ∈ 𝜕 i   (   Z −   ( j ) +  Z +   ( j ) )


  i


  +


  −


  −


  −


  G =  (  V , E )


   𝜓  i j  (   x i  x j ) =  𝟏   (   x i ,  x j ) ≠  (  1 , 1 )


   (  i , j ) ∈ E


   𝜇 i  (   x i )


  i


   Z 𝜎   ( i ) ≔


  i


  𝜎 ∈  {  − 1 , 1 }


   Z +   ( i ) =  ∏  j ∈ 𝜕 i   Z −   ( j ) ,          Z −   ( i ) =  ∏  j ∈ 𝜕 i   (   Z −   ( j ) +  Z +   ( j ) )


  i


  −


  +


  +


  −


  i


   Z 𝜎   ( i ) ≔


  i


  𝜎 ∈  {  − 1 , 1 }


   Z +   ( i ) =  ∏  j ∈ 𝜕 i   Z −   ( j ) ,          Z −   ( i ) =  ∏  j ∈ 𝜕 i   (   Z −   ( j ) +  Z +   ( j ) )


    Pr ⁡  [  x i = + 1 ] =    Z +   ( i )   Z +   ( i ) +  Z −   ( i ) ∝  Z +   ( i )


    Pr ⁡  [  x i = − 1 ] ∝  Z −   ( i )


  i


  −


  +


  +


  −


   V  j → i


   (  i , j )


  j


   m 𝜎  j → i


   x j = 𝜎


   V  j → i


  j


  i


   m 𝜎  j → i ≔     Pr   𝜇   V  j → i ⁡   [   x j = 𝜎 ]


   Z +   ( i ) =  ∏  j ∈ 𝜕 i   Z −   ( j ) =  ∏  j ∈ 𝜕 i      Pr   𝜇   V  j → i ⁡   [   x j = − ]  (   Z −   ( j ) +  Z +   ( j ) )


  ∝  ∏  j ∈ 𝜕 i      Pr   𝜇   V  j → i ⁡   [   x j = − ] =  ∏  j ∈ 𝜕 i   m −  j → i


  i


  j


   Z +   ( i ) =  ∏  j ∈ 𝜕 i   Z −   ( j ) ,          Z −   ( i ) =  ∏  j ∈ 𝜕 i   (   Z −   ( j ) +  Z +   ( j ) )


      Pr   𝜇 V ⁡   [   x i = 𝜎 ] ∝  Z 𝜎   ( i )


      Pr 𝜇 ⁡   [   x i = 𝜎 ] ∝  ∑  𝒔 ∈    {  ± 1 } n   :  s i = 𝜎   ∏   (  k , ℓ ) ∈ E   𝜓  k ℓ  (   s k ,  s ℓ )


  =  ∑  𝒔 ∈    {  ± 1 } n   :  s i = 𝜎   ∏  j ∈ 𝜕 i   (   𝜓  i j  (  𝜎 ,  s j )  ∏   (  k , ℓ ) ∈  E  j → i   𝜓  k ℓ  (   s k ,  s ℓ ) )


  =  ∏  j ∈ 𝜕 i   ∑   𝒔   V  j → i   (   𝜓  i j  (  𝜎 ,  s j )  ∏   (  k , ℓ ) ∈  E  j → i   𝜓  k ℓ  (   s k ,  s ℓ ) )


  =  ∏  j ∈ 𝜕 i   ∑   s j ∈  {  ± 1 }   𝜓  i j  (  𝜎 ,  s j )  (   ∑   𝒔   V  j → i \ { j }   ∏   (  k , ℓ ) ∈  E  j → i   𝜓  k ℓ  (   s k ,  s ℓ ) )


  i


  j


  ∝  m   s j  j → i


      Pr 𝜇 ⁡   [   x i = 𝜎 ] =       Pr 𝜇 ⁡   [   x i = 𝜎 ]      Pr 𝜇 ⁡   [   x i = 𝜎 ] +     Pr 𝜇 ⁡   [   x i = − 𝜎 ]


      Pr 𝜇 ⁡   [   x i = 𝜎 ] ∝  ∏  j ∈ 𝜕 i   ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


     V ¯  j → i


   (  i , j )


  j


   (  i , j )


     m ¯ 𝜎  j → i


   x i = 𝜎


     V ¯  j → i


     m ¯ 𝜎  j → i ≔     Pr   𝜇     V ¯  j → i ⁡   [   x i = 𝜎 ]


     m ¯ 𝜎  j → i ∝  ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


  i


  j


      Pr 𝜇 ⁡   [   x i = 𝜎 ] ∝  ∏  j ∈ 𝜕 i   ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


     V ¯  j → i


   (  i , j )


  j


   (  i , j )


     m ¯ 𝜎  j → i


   x i = 𝜎


     V ¯  j → i


     m ¯ 𝜎  j → i ∝  ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


   {   m 𝜎  j → i   : j ∈ 𝜕 i , 𝜎 ∈  {  ± 1 } }


   m 𝜎  i → k


  k ∈ 𝜕 i


   m 𝜎  i → k =     Pr   𝜇   V  i → k ⁡   [   x i = 𝜎 ] ∝  ∏  j ∈  𝜕   V  i → k i     ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


  ∝  ∏  j ∈ 𝜕 i \ { k }     m ¯ 𝜎  j → i


  i


  j


  k


  ℓ


   m 𝜎  j → i


   m 𝜎  ℓ → i


   m 𝜎  i → k ∝  ∏  j ∈ 𝜕 i \ { k }     m ¯ 𝜎  j → i ,        m ¯ 𝜎  j → i ∝  ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


      Pr 𝜇 ⁡   [   x i = 𝜎 ] ∝  ∏  j ∈ 𝜕 i     m ¯ 𝜎  j → i ∝  m 𝜎  i → k ⋅    m ¯ 𝜎  k → i


   m 𝜎  j → i =  1 / 2


   (  i , j ) ∈ E


   {   m 𝜎  j → i ,    m ¯ 𝜎  j → i   :  (  i , j ) ∈ E , 𝜎 ∈  {  ± 1 } }


  i


  j


  k


  ℓ


   m 𝜎  j → i


   m 𝜎  ℓ → i


   m 𝜎  i → k ∝  ∏  j ∈ 𝜕 i \ { k }   ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


   m +  i → k ∝  m −  j → i


   m −  i → k ∝  m +  j → i +  m −  j → i


   (   m +  j → i ,  m −  j → i ) =  (  p , 1 − p )


   m +  i → k =   1 − p  1 − p + 1 =   1 − p  2 − p ,      m −  i → k =  1  2 − p


  p =  1 / 2


  p ⟼   1 − p  2 − p


   1 2 ⟶  1 3 ⟶  2 5 ⟶  3 8 ⟶  5  13 ⟶ ⋯ ⟶  1   𝜑 2 ≈ 0 . 382


  i


  j


  k


  ⋯


  𝜑 =    5 + 1 2


   m 𝜎  i → k ∝  ∏  j ∈ 𝜕 i \ { k }   ∑  s ∈  {  ± 1 }   𝜓  i j  (  𝜎 , s )  m s  j → i


   m +  i → k ∝  m −  j → i


   m −  i → k ∝  m +  j → i +  m −  j → i


   (   m +  j → i ,  m −  j → i ) =  (  p , 1 − p )


   m +  i → k =   1 − p  1 − p + 1 =   1 − p  2 − p ,      m −  i → k =  1  2 − p


  p =  1 / 2


  p ⟼   1 − p  2 − p


   1 2 ⟶  1 3 ⟶  2 5 ⟶  3 8 ⟶  5  13 ⟶ ⋯ ⟶  1   𝜑 2 ≈ 0 . 382


  i


  j


  k


  ⋯


  𝜑 =    5 + 1 2


      Pr 𝜇 ⁡   [   x i = 𝜎 ] ∝  ∏  j ∈ 𝜕 i     m ¯ 𝜎  j → i ∝  m 𝜎  i → k ⋅    m ¯ 𝜎  k → i


  2


   (  i , j ) ∈ E


  𝜕  (  i , j ) ≔  (  𝜕 i ∪ 𝜕 j ) \  {  i , j }


  k ∈ 𝜕  (  i , j )


  i  ( k )


   (  k , i  ( k ) ) ∈ E


      Pr 𝜇 ⁡   [   (   x i ,  x j ) =  (   𝜎 i ,  𝜎 j ) ] ∝  𝜓  i j  (   𝜎 i ,  𝜎 j )  (   ∑   𝒔   V  j → i   :  s j =  𝜎 j   ∏   (  k , ℓ ) ∈  E  j → i   𝜓  k ℓ  (   s k ,  s ℓ ) )  (   ∑   𝒔   V  i → j   :  s i =  𝜎 i   ∏   (  k , ℓ ) ∈  E  i → j   𝜓  k ℓ  (   s k ,  s ℓ ) )


  ∝  𝜓  i j  (   𝜎 i ,  𝜎 j )  m   𝜎 j  j → i  m   𝜎 i  i → j


  i


  j


  G


  G


  G


   c / n


  c = O  ( 1 )


  v


  ≈ c


  ≈  c d


  ≤ d


  v


  ≤ d


     (  1 −  1 n )   c d ≈  e  −    c d / n → 1         when          c d ≪ n ,     i . e . ,       d ≪   log ⁡ n


  H  ( 𝜇 ) = −  ∑   (  i , j ) ∈ E   𝔼   𝜇  i j  [    log ⁡   𝜇  i j  (   x i ,  x j ) ] +  ∑  i ∈ V   (   |  𝜕 i | − 1 ) ⋅  𝔼   𝜇 i  [    log ⁡   𝜇 i  (   x i ) ]


  =  ∑   (  i , j ) ∈ E  H  (   𝜇  i j ) −  ∑  i ∈ V   (   |  𝜕 i | − 1 ) ⋅ H  (   𝜇 i )


  G  [ 𝜇 ] ≔ − H  ( 𝜇 ) +  𝔼  𝒙 ∼ 𝜇  [  ℰ  ( 𝒙 ) ]


   G 𝛽  [ 𝜈 ] ≔ −  ∑   (  i , j ) ∈ E  H  (   𝜈  i j ) +  ∑  i ∈ V   (   |  𝜕 i | − 1 ) ⋅ H  (   𝜈 i ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


  𝜈


   {   𝜈 i ,  𝜈  i j }


   ∑   x j ∈ { ± 1 }   𝜈  i j  (   x i ,  x j ) =  𝜈 i  (   x i ) ,         ∀ i ∈ V ,    (  i , j ) ∈ E ,  x i ∈  {  ± 1 }


  𝜈


   G 𝛽


  𝜈


   𝜈 i  ( 𝜎 ) ∝  m 𝜎  i → j ⋅    m ¯ 𝜎  j → i ,      𝜈  i j  (   𝜎 i ,  𝜎 j ) ∝  𝜓  i j  (   𝜎 i ,  𝜎 j )  m   𝜎 j  j → i  m   𝜎 i  i → j


   𝜎 i ∈  {  ± 1 }


   ∑   𝜎 j ∈  {  ± 1 }   𝜈  i j  (   𝜎 i ,  𝜎 j ) ∝  m   𝜎 i  i → j ⋅  ∑   𝜎 j ∈  {  ± 1 }   𝜓  i j  (   𝜎 i ,  𝜎 j )  m   𝜎 j  j → i ∝  m   𝜎 i  i → j ⋅    m ¯ 𝜎  j → i ∝  𝜈 i  (   𝜎 i )


   𝜎 i ∈  {  ± 1 }


  LHS = RHS = 1


  ∝


  =


  ∎


   Z i ≔  ∑  𝜎 ∈  {  ± 1 }   ∏  j ∈ 𝜕 i     m ¯ 𝜎  j → i


   Z  i j ≔  ∑   𝜎 i ,  𝜎 j ∈  {  ± 1 }   𝜓  i j  (   𝜎 i ,  𝜎 j )  m   𝜎 j  j → i  m   𝜎 i  i → j


   Z  i ; j ≔  ∑  𝜎 ∈  {  ± 1 }   m 𝜎  i → j ⋅    m ¯ 𝜎  j → i


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   G 𝛽  [ 𝜈 ] ≔ −  ∑   (  i , j ) ∈ E  H  (   𝜈  i j ) +  ∑  i ∈ V   (   |  𝜕 i | − 1 ) ⋅ H  (   𝜈 i ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


  −  ∑   (  i , j ) ∈ E  H  (   𝜈  i j ) +  𝔼 𝜈  [  ℰ  ( x ) ] = −  ∑   (  i , j ) ∈ E   𝔼   𝜈  i j  [    log ⁡     𝜓  i j  (   x i ,  x j )   𝜈  i j  (   x i ,  x j ) ] = −  ∑   (  i , j ) ∈ E   𝔼   𝜈  i j  [    log ⁡     Z  i j   m   x j  j → i  m   x i  i → j ]


  = −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑   (  i , j ) ∈ E   (   𝔼   𝜈  i j  [    log ⁡   m   x j  j → i ] +  𝔼   𝜈  i j  [    log ⁡   m   x i  i → j ] )


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   G 𝛽  [ 𝜈 ] ≔ −  ∑   (  i , j ) ∈ E  H  (   𝜈  i j ) +  ∑  i ∈ V   (   |  𝜕 i | − 1 ) ⋅ H  (   𝜈 i ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


  −  ∑  i ∈  [ n ]  H  (   𝜈 i ) = −  ∑  i ∈  [ n ]   𝔼   𝜈 i  [    log ⁡   1   𝜈 i  (   x i ) ] = −  ∑  i ∈  [ n ]   𝔼   𝜈 i  [    log ⁡     Z i   ∏  j ∈ 𝜕 i     m ¯   x i  j → i ]


  = −  ∑  i ∈  [ n ]    log ⁡   Z i +  ∑  i ∈  [ n ] , j ∈ 𝜕 i   𝔼   𝜈 i  [    log ⁡     m ¯   x i  j → i ]


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   G 𝛽  [ 𝜈 ] ≔ −  ∑   (  i , j ) ∈ E  H  (   𝜈  i j ) +  ∑  i ∈  [ n ]   (   |  𝜕 i | − 1 ) ⋅ H  (   𝜈 i ) +  𝔼  𝒙 ∼ 𝜈  [  ℰ  ( 𝒙 ) ]


   ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i  H  (   𝜈 i ) =  ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i   𝔼   𝜈 i  [    log ⁡   1   𝜈 i  (   x i ) ] =  ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i   𝔼   𝜈 i  [    log ⁡     Z  i ; j   m   x i  i → j ⋅    m ¯   x i  j → i ]


  =  ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i    log ⁡   Z  i ; j −  ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i   (   𝔼   𝜈 i  [    log ⁡   m   x i  i → j ] +  𝔼   𝜈 i  [    log ⁡     m ¯   x i  j → i ] )


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   ∑   (  i , j ) ∈ E   (   𝔼   𝜈  i j  [    log ⁡   m   x j  j → i ] +  𝔼   𝜈  i j  [    log ⁡   m   x i  i → j ] ) +  ∑  i ∈  [ n ] , j ∈ 𝜕 i   𝔼   𝜈 i  [    log ⁡     m ¯   x i  j → i ] −  ∑  i ∈  [ n ]   ∑  j ∈ 𝜕 i   (   𝔼   𝜈 i  [    log ⁡   m   x i  i → j ] +  𝔼   𝜈 i  [    log ⁡     m ¯   x i  j → i ] )


  = 0


  ∎


  G = ( V ,   E )


  ⟺


   G 𝛽


   G 𝛽  [ 𝜈 ] = −  ∑  i ∈  [ n ]    log ⁡   Z i −  ∑   (  i , j ) ∈ E    log ⁡   Z  i j +  ∑  i ∈  [ n ] , j ∈ 𝜕 i    log ⁡   Z  i ; j


   Z i ≔  ∑  𝜎 ∈  {  ± 1 }   ∏  j ∈ 𝜕 i     m ¯ 𝜎  j → i ,      Z  i j ≔  ∑   𝜎 i ,  𝜎 j ∈  {  ± 1 }   𝜓  i j  (   𝜎 i ,  𝜎 j )  m   𝜎 j  j → i  m   𝜎 i  i → j ,      Z  i ; j ≔  ∑  𝜎 ∈  {  ± 1 }   m 𝜎  i → j ⋅    m ¯ 𝜎  j → i
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